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Abstract-h the present paper, the nonautonomous two-species Lotka-Volterra competition mod- 
els are considered, where all the parameters are time-dependent and asymptotically approach periodic 
functions, respectively. Under some conditions, it is shown that any positive solutions of the models 
asymptotically approach the unique strictly positive periodic solution of the corresponding periodic 
system. 
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1. INTRODUCTION 
We consider the nonautonomous system of differential equations 
i = z[h(t) - all(t) z - a12(t) !/I, 
jl = @z(t) - azl(q 2 - (322(t) ?/It 
(1.1) 
where the functions hi(t), aij(t) (i,j = 1,2) are continuous and bounded above and below by 
positive constants on the half infinite interval 0 5 t < +oo. This system models the competition 
between two species in a time-dependent environment. In the case when (1.1) is autonomous, 
i.e., when the functions hi(t), aij(t) are positive constants bi, aij (i,j = 1,2), respectively, it has 
long been known that the conditions 
wh 
bl > - 
aalbl 
and b2 > - 
a22 all 
are necessary and sufficient for the existence of a stable equilibrium point col(zc, ys) of the 
system (1.1) such that both components are positive and it attracts all solutions with initial 
values in the open first quadrant of the 2, y-plane. Moreover, 
ha22 - ha12 wb:, - mbl 
x0 = 
alla22 - (312a21’ 
Yo = 
alla22 - 012QJ21. 
(See, for example, [l]). 
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In [2], K. Gopalsamy gave a partial extension of this result to the nonautonomous periodic 
case. To state Gopalsamy’s result, we introduce the following notations: Given a function f(t), 
which is bounded above and below by positive constants for 0 5 t < fco, we set 
fM = “YP f(t), fL = i;f f(t). 
In [2], Gopalsamy let the growth rates bl(t) and bz(t) be continuous, positive and T-periodic 
functions and aij(t) be positive constants aij (i,j = 1,2), respectively. As an application of a 
theorem of Krasnoselskii concerning strictly monotone and strictly convex operators in cones, he 
showed that the conditions 
a&?’ 
bf’ > - 
a22 ’ 
wlb? 
bi > - 
all 
imply the existence of a T-periodic solution of (l.l), which remains in a certain open rectangle in 
the first quadrant of the 5, y-plane and attracts all solutions of (1.1) that start in this rectangle. 
In [3] and [4], ‘t 1 was assumed that all parameters hi(t), aij(t) (i, j = 1,2) were continuous, posi- 
tive and T-periodic functions. Using differential inequalities and topological degree, respectively, 
S. Ahmad in [3] and C. Alvarez and A.C. Lazer in [4] showed that if the conditions 
(1.2) 
hold, then the system (1 .l) has a unique T-periodic solution col(zo(t), ye(t)) with all components 
positive, and this solution is asymptotically stable and attracts all solutions whose components 
have positive initial values. Moreover, they established upper and lower bounds for the compo- 
nents of the unique T-periodic solution col(so(t), ye(t)) with positive components as following: 
Incidentally, we point out that by Massera’s theorem (see [5]), we can show that the condi- 
tions (1.2) imply the existence of T-periodic solution of (1.1). 
In [6], Freedman et al. studied the asymptotic behavior of single-species model 
2 = zg(z, k(t)) (1.3) 
where k(t) is asymptotic to a periodic function k(t) and g(x, k(t)) satisfies some hypotheses under 
which there is a globally attracting periodic solution in (1.3). 
In this paper, we use comparison theorem and standard theorems concerning continuity of 
solutions of differential equations with respect to initial conditions and parameters to prove 
that if the parameters hi(t), aij(t) are asymptotic to periodic functions &(t),&j(t) (i,j = 1,2), 
respectively, and if in addition 
bf - EO > a% + EO bk - ~~ a2”: f&0 
by t&g 
-7 
ak - ~0 bf“‘+co 
>----, 
aE - ~0 
(1.4) 
for a certain sufficiently small EO > 0, there exists a globally attracting periodic solution in (1.1). 
Furthermore, using the method of the present paper, it is easy to show that the similar con- 
clusion holds for the time-dependent n-species Lot&-Volterra cooperative systems. 
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2. RESULT 
We begin with some definitions. 
DEFINITION 1. Let 4, II, : [0, +co) -+ R. 4 is said to approach 2c, asymptotically, in notation 
4-$5 if 
&E IN) - $J(t)l = 0. 
DEFINITION 2. Let col(a,Y),col(~, 9 : [0, +co) + R2. Then, col(z, Y) is said to approach 
col(Z, 9 asymptotically, in notation col(z, y) N col(5, 9, if z N 3 and y N g. 
It is easy to verify that “J’ is an equivalent relation. In the next section, we prove the main 
result of this paper, namely the following theorem. 
THEOREM. For all i, j = 1,2, let bi,Zi,aij,iiij : [0, +oo) -+ R’ be bi N Zi, aij N Zij and let 
Xi(t) 7 Zij (t) be continuous, positive and T-periodic functions. If, in addition, the inequalities (1.4) 
hold, then for any positive solution col(z(t), y(t)) of (l.l), we have col(z, y) N col(Z, 9, where 
col(Z, 9 is the unique positive T-periodic solution of 
i = Cr[&(t) - &1(t)a: - &n(t)Yl, 
Y = y[bz(t) - Z21(t)a: - azz(t)yl. 
(2.1) 
A corollary of this theorem is that there exists a globally attracting positive T-periodic solution 
in (1.1). 
3. PROOF 
To prove the theorem above stated, we need a series of lemmas. 
LEMMA 1. Both the open first quadrant and the first closed quadrant in the x,y-plane are 
invariant with respect to (1.1). 
PROOF. Since 
z(t) = 2(O) exp 
(1 
’ Pi(s) - ail(s) x(s) - ai2(s) Y(s)] ds , 
0 > 
y(t) = y(O) exp (I’ [b(s) - w(s) 4s) - a&s) y(s)] ds) , 
the assertion of the Lemma immediately follows for all t E (0, +co) and the proof is complete. 
Let us consider the following two systems: 
?ii = Ui[Ti(t) - Til(t) Ul - riz(t) Z&2], i = 1,2; (3.1) 
tit = ZJi[Si(t) - Sil(t) z11 - Siz(t) 2)2], i = 1,2; (3.2) 
where ri(t),si(t),rij(t),sij(t) (i, j = 1,2) are continuous and bounded above and below by posi- 
tive constants on the half infinite interval [0, +oo). 
LEMMA 2. (Comparison Theorem). Suppose that col(Ul(t),uLlp(t)) and col(vl(t),v2(t)) are so- 
lutions of (3.1) and (3.2), respectively, satisfying Ui(te) = vi(te) > 0 (i = 1,2). If for all 
0 < to < t < +oo, there exist inequalities 
n(t) > s1(t), rij(t) < sij(t), and 
7-2(t) < s2(t), r2j(t> > S2j(t), j = 1,2; 
then, ur(t) > VI(t) and us(t) < vs(t) for all t E (to, foe). 
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PROOF. Since 
tir(te) - tii(to) > 0 and tis(te) - tis(te) < 0, 
the inequalities 
w(t) > v1(t), ‘Ila(t) < vz(t) (3.3) 
will hold for t - to sufficiently small and positive. If (3.3) do not hold for all t > to, there exists 
tl > to such that (3.3) hold for te < t < tl and either: (a) ul(tl) = vl(tl), or (b) Us(ti) = wz(tl). 
Suppose that (a) holds. By continuity we must have uz(t~) 5 wz(t~), and by invariance of the open 
first quadrant, ul(tl) = vl(t~) > 0. Now, since ul(t)-VI(~) > Oon (to,tl) andui(tr)--vl(tr) = 0, 
we must have tiI(tl) - til(tl) 5 0. On the other hand, from (3.1) and (3.2), we have that 
k(tl) - c(tl) = w(tl)[(Q(tl) - s1(t1)) + (s11(t1) - u(tl))Ul(tl) 
+ s12(t1) vz(t1) - r12(t1) U2(tl)l > 0. 
This contradiction shows that case (a) is impossible. In the same way, (b) also leads to a 
contradiction. This shows that 
w(t) > m(t) and m(t) < e(t), for all t E (to, +cx3). 
The proof is complete. 
Assume that bi N & and aij - a, (i, j = 1,2). Th en, for any E E (~,Eo], there exists t, > 0 
such that 
Ibi(t) - &(t)I < E and laij(t) -2&(t)\ < E (3.4) 
for all t > t,. We construct the following two systems: 
f = s[(&(t) -E) - (all(t) fE)2 - (&2(t)+E)y], 
B = Y[G2@) + E) - @21(t) - E) 5 - @22(t) - E) Y]; 
(3.5) 
and 
f = x$&(t) + E) - (i&(t) - E)2 - (&z(t) -E) y], 
jl = Y[$2@) - E) - @21(t) + E) 2 - @22(t) + E) Y/1. 
(3.6) 
From Lemma 2 and inequalities (3.4), we have the following lemma. 
LEMMA 3. Suppose that col(z-&(t), y"(t)) and col(z’(t), y-“(t)) are solutions of (3.5) and (3.6), 
respectively, satisfying 
x-‘(Q = xE(Q > 0 and yl’(&) = yl-"(tc) > 0. 
Then 
z-“(t) < z(t) < z”(t), 
y-“(t) < y(t) < y”(t). 
(3.7) 
for all t > t,, where col(s(t), y(t)) is the solution of (1.1) satisfying z(tE) = z-‘(te) = x”(&) > 0 
and y(&) = y”(&) = ye’(&) > 0. 
PROOF. Inequalities (3.4) lead to 
Z+(t) - & < hi(t) <Xi(t) + E, 
I;ij(t) - & < &j(t) < Zij(t) + & 
for all t 2 t,, which imply that compared with (l.l), respectively, (3.5) and (3.6) satisfy the 
conditions described in Lemma 2. So from Lemma 2, inequalities (3.7) hold immediately. The 
proof is complete. 
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If Ji(t), irij (t) (i, j = 1,2) are continuous, positive and T-periodic functions, we wish that there 
exist positive T-periodic solutions of all (2.1), (3.5) and (3.6), respectively, which are globally 
asymptotically stable. In fact, we have the following two lemmas which assure the existences and 
stabilities of periodic solutions. 
LEMMA 4. Conditions (1.4) imply 
and 
(3.8) 
(3.9) 
(3.10) 
(3.11) 
(3.12) 
(3.13) 
for all 0 < E 5 ~1 = CO/~. 
PROOF. Since (3.10) ==+ (3.8), (3.13) and (3.12) + (3.9)?_(3.11), we only need to prove (3.10) 
and (3.12). From inequalities (3.4) and the periodicity of bi and irij (i,j = 1,2), for all t > t,, 
there exist 
b,(t)-~<~~(t)<bl(t)+~, 
bz(t) - E < b2(t) < bz(t) + E, 
h2(t) - t < &2(t) < al2(t) + E, 
a22(t) -E < z22(t) < a22(t) + 6 
as results of which, we have 
(3.14) 
Now, for all 0 < E 5 ~1 = &o/2, (3.14) and (1.4) result in 
@ - E bf - 2~ , ag + 2~ 
-->- - 
Gg+E 
bp+E by+2& ai - 2E ’ G’ 
Consequently, (3.10) holds for all 0 < E I E 1. Similarly, (3.12) also holds for all 0 < E _< ~1. By 
previous remarks, the Lemma is proved. 
Therefore, as an application of the results obtained in [3] and [4], we have the following lemma. 
LEMMA 5. Under the conditions (1.4), there exist positive T-periodic solutions col(Z(t), g(t)), 
col(u+(t), v”(t)) and col(u”(t), v-“(t)) of (2.1), (3.5) and (3.6), respectively, which axe all globally 
asymptotically stable. Moreover, 
q%g - q2q 
f T-1 I z(t) I T2 E _L _M _ 
a11022 - iif2ag ’ 
CAMWA 27:12-E 
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where 
Se zz 2 
7-E = 
Sl 
--E = 
--E 
s2 = 
0 < r;” I uME(t) < rTE, 
0 < sf 5 v”(t) 5 s;, 
0 < rE <21’(t) < rf, 
0 < SF” 5 u-‘(t) I s;E 
From the expressions of r:" and sfE(i = 1,2), we have the following lemma. 
LEMMA 6. There exists es : 0 < ~2 I ~1 such that 
and 
[r?, $1 C 
[ 
?,r2+1 
1 
[@,& c [ 32fl ) 1 
for 0 < E 5 ~2, where 6 = 1 or S = -1. 
Before proving the main result stated in Section 2, we give the last lemma. 
LEMMA 7. Suppose that col(S(t), y(t)), col(~F(t), v”(t)) and col(u&(t),V?(t)) are the positive 
T-periodic solutions described in Lemma 5. If we denote them by I?, II’_+ and Ta, respectively then 
for all n > 0, there exists CY > 0 such that T-C c 0 (I’, 7) and Te c 0 (T, n) (the v-neighborhood 
of I’) for all 0 < E < a, in notations col(~+, u&) k col(Z, 3 and col(zC, wbE) k col(S, 3. 
REMARK. Because of the continuity of solutions of differential equations with respect to initial 
conditions and parameters (see, for example [7]), it follows that col(~-~,y~) A col(E,$ and 
CO~(U~,ZI-~) 5 col(ZE, y") w for all n > 0, there exists (Y > 0, such that 
and 
,E& [WV) - E(O)1 + Iv”(t) - C(O)l] < rl 
- 
& [V(t) - 30)l+ Iv-‘(t) - Y(O)11 < 77, 
- 
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for all 0 < E < cr. The method to establish the two inequalities is similar, so to prove Lemma 7, 
we only need to show that, for all 77 > 0, there exists ~3 : 0 < ~3 < ~2 such that 
og{T [b-V) - WI + k”(t) - iml] < 77, for all 0 < E < ~3. - (3.15) 
PROOF OF LEMMA 7. Suppose (3.15) does not hold. Then 
lirnn;p,i& []u-“(t) -Z(O)] + Iv”(t) - F(O)l] = lir_soupd(s) = d > 0. 
- 
This is because u-‘(t) and v”(t) are continuous and T-periodic functions. There exists t, E [0, T) 
such that 
d(E) = ,i& [ICE(t) - S(O)1 + Iv’(t) - ii(O)\] = lu+(tg) - Z(O)/ + IwE - iT(O 
_ 
Without loss of generality, we can assume that t, = 0, namely that 
d(E) = Ju-&(O) - Z(O)1 + Iv’(O) - y(O)1 
In fact, if we denote col(iieE(t), P(t)) = col(uP(t - tE), v”(t - tC)), then col(G+(t), P(t)) is also 
the unique T-periodic solution of (3.5) and 
,$in, [Iii-‘(t) -Z(O)/ + I?(t) -g(o)/] = Ii?(O) - Z(O)1 + IT(O) - C(O)/. 
- 
From lim sup,,o d(E) = d > 0, there exist {~j}~ c (O,EZ) such that lim,l_c d(&j) = d > 0. 
By Lemma 6 we know that (co1 (u-E(0),v”(O)) : 0 < E < ~2) is a bounded set. Because the 
Euclid space R2 is complete, there exist {sj,}k c {ej}, without loss of generality we can assume 
{cjli}k = {&j}j, such that 
lim col(u-‘j (0), 
Ej --to 
21’3 (0)) = COl(U(O), v(0)). 
Let col(u(t), w(t)) d enote the solution of (2.1) having the initial value col(u(O), v(0)). Continuous 
dependence on initial conditions and parameters for (3.5) leads to 
~~_mocol(U-“~ (t), w”(t)) = col(u(t), w(t)). 
Col(u- (t), wcj (t)) is T-periodic; so is col(v(t), w(t)). But under (1.4), there exists a unique 
T-periodic solution of (2.1). Consequently, 
col(‘LL(t), w(t)) = coWt), i?(t)), 
as a consequence of which, we have 
0 = It(O) - Z(O)l f Iv(O) - y(O)1 = d > 0. 
This is a contradiction. Therefore, (3.15) holds. By previous remark, the proof of Lemma 7 is 
complete. 
Now, let us show the main result of this paper. 
PROOF OF THEOREM. Let col(z(t),y(t)) b e a “fixed” positive solution of (1.1). After construct- 
ing systems (3.5) and (3.6), from Lemma 7, for all n > 0, 3~3 : 0 < ~3 5 ~2 5 61 = 60/2 such 
that 
Id”(t) - qt)l < 7 and Iw6’(t) - c(t)1 < 77, forO<s<e3, 
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where 6 = 1 or 6 = -1. Pick any 0 < E < ~3. Since bi - &,aij - &j (i,j = 1,2), there exists 
t2 > 0 such that 
Ibi(t) y&(t)\ < E, laij(t) -;iij(t)( < E, for all t 2 t2. 
Let col(zFE(t), y’(t)) and col(zb(t), y-‘(t)) be the solutions of (3.5) and (3.6), respectively, sat- 
isfying 
x-&(tz) = z’(t2) = x(tq) and y’(h) = y-‘(t2) = y(t2). 
From Lemma 2 or Lemma 3, we have 
s-‘(t) < z(t) < x&(t) and y-“(4 < y(t) < y”(Q 
for all t > t2. From Lemma 5 and Lemma 7, we have 
C01(2-E, y”) N CO1(U-E, VE) 5 col(Z, 8 
and 
CO1(ZE, y-‘) N CO1(UE, V+) ZJ col(Z, 9. 
So (3.16), (3.17) and (3.18) lead to 
(3.16) 
(3.17) 
(3.18) 
coqz, y) - COl(~> 9 
and the proof is complete. 
Hence, although there do not exist positive periodic solutions of such a model (1.1) satis- 
fying (1.4), any positive solutions of (1.1) asymptotically approach a strictly positive periodic 
solution of the corresponding periodic system. 
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